It is shown that the shock wave solutions of the Burgers equation can be generated from localized sources. The evolution equation obeyed by the sources has a novel characteristic: It has a singlesoliton solution as well as an infinite family of localized-hump solutions.
Introduction
The traveling wave solutions of integrable equations are often found through the use of an auxiliary function, usually denoted by τ . Representations in terms of such auxiliary functions of the soliton solutions of quite a few evolution equations have been presented in the literature (see, e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] ). However, the traditional expressions for τ do not convey any clue for the localized nature of the soliton solutions of the many evolution equations discussed in the literature. For example, the soliton solutions of the KdV equation [18] are expressed as:
In the case of the single-soliton solution of Eq. (1), the traditional expression for τ t, x
where k is the wave number. τ t, x ( ) displays a surface that varies between 1 and ∞, whereas the single-soliton solution is localized in the x-t plane.
It has been recently shown [19] that, thanks to the non-uniqueness of the function τ t, x ( ) , the soliton solutions of quite a few evolution equations can be generated from localized sources.
A question that arises naturally is whether the same idea can be applied to traveling waves of a different structure. In this paper, the idea is extended to the case of shock waves, through the analysis of the Burgers equation,
Eq. (3) was originally developed for the approximate description of the propagation of weak shock waves in one dimension in an adiabatically expanding gas [20, 21] . It has been also applied as an approximate description of the dynamics of vehicle flow on highways [22] [23] [24] . Its characteristics differ from those of integrable equations, which have soliton solutions, such as the KdV, mKdV, NLS and KP II equations in two ways: It is not integrable in the Inverse-Scattering sense, and its solutions are fronts (shock waves) rather than solitons. Still, the front solutions can be constructed in terms of an auxiliary function, which is also not unique. This freedom allows for generating the front solutions from localized sources.
Localized sources for shock waves
The Hopf-Cole transformation [25] [26] [27] yields the shock wave (front) solutions of Eq. (3):
An N-shock solution is generated by
The boundary condition for the solution is
τ(t,x) generates a surface that for t, x → −∞, starts at 0 when k 0 > 0 or at 1 when k 0 = 0, and diverges to infinity for t, x → +∞. As such, it does not provide any hint regarding the structure displayed by the solution. Figs. 1 and 2 show, respectively, τ(t,x) and u(t,x) for a single-shock solution, and Figs. 3 and 4 -for a three-shock solution. In both examples, the solutions obey vanishing boundary conditions at −∞.
To generate the shock-wave solutions out of localized sources, consider the function
In Eq. (7), <k>, <k 2 > and <δ> are the mean values of the corresponding entities.
The definition of τ E (t,x) ensures that the sum of all the exponents in Eq. (7) vanishes. Hence, in every direction in the x-t plane, there are some positive and some negative exponents. Consequently, τ E (t,x) grows indefinitely in all directions in the plane, so that the function,
is localized. S(t,x) vanishes asymptotically for x → ±∞ and for t → ±∞.
In terms of S(t,x), Eq. (4) is replaced by
Thus, the N-shock solution is generated from a localized source.
The constant shift is required to ensure the boundary condition at t, x → −∞. It is of no fundamental importance. Transforming to a moving,
eliminates the shift. Eq. (3) is transformed into (the prime in the definition of t' and x' is dropped)
v(t,x) is generated by the localized source, S(t,x):
While u(t,x) vanishes at t, x → −∞, v(t,x) tends to k 0 − <k>.
For example, for a single front that obeys vanishing boundary at −∞ (corresponding to k 0 = 0)
The resulting source, S(t,x), shown in Fig.5 , displays a soliton along the boundary of the shock front of Fig. 2 .
For N ≥ 2, S(t,x) is localized in the region, in which all fronts interact. The intuitive explanation is simple: This is the region of overlap amongst all the solitons, each of which is the source for one of the shocks. The plot of S(t,x) for N = 3 is shown in Fig. 6 .
Evolution equation of source
Exploiting the definition, Eq. (8), one finds that the source, S(t,x), obeys the following evolution equation:
Eq. (14) 
and
H obeys the Burgers equation:
Concluding comments
It has been shown that the shock waves described by the Burgers equation can be generated from localized sources. The evolution equation obeyed by the sources has a novel characteristic: It has a single-soliton solution as well as an infinite family of localized-hump solutions. (7)- (9), (13)). Parameters as in Fig. 1 . Fig. 6 Source, S(t,x), for three-shock solution (Eqs. (7) - (9)). Parameters as in Fig. 3 .
